The Weibull distribution has been applied in various fields, especially to fit life time data. Some of these applications are limited partly due to the fact that the distribution has monotonically increasing, monotonically decreasing or constant hazard rate. This limitation undoubtedly inspired researchers to develop generalized Weibull distribution that can exhibit unimodal or bathtub hazard rate. In this article, we introduce six new families of T-Weibull{Y} distributions arising from the quantile function of a random variable Y. These six families are: The T-Weibull{uniform}, T-Weibull{exponential}, T-Weibull{log-logistic}, T-Weibull{Fré chet}, T-Weibull{logistic} and T-Weibull{extreme value}. Some properties of these families are discussed and general expressions for the quantile function, the Shannon's entropy, the non-central moments and the mean deviations are provided. Different new members of the T-Weibull{Y} families are derived and some of their properties are discussed. Two real data sets are used to illustrate the potential usefulness of the T-Weibull{Y} distributions and the results are compared with the results from some existing distributions.
Introduction
The Weibull distribution is a well-known distribution named after the Swedish physicist, Waloddi Weibull, who first published its application to fly ash and strength of material in 1951. It was popularized by Kao (1956) when he applied it to the failure of electronic components and systems, and since then, it has been extensively used for analyzing lifetime data. The probability density function (PDF) of a two-parameter Weibull distribution (Johnson et al., 1994 ) is The Weibull distribution has exponential and Rayleigh distributions as special cases. It has been extensively used for modeling phenomenon with monotone failure rates. When modeling monotone hazard rates, the Weibull distribution may be an initial choice because of its negatively and positively skewed density shapes. However, it does not provide reasonable parametric fit for modeling phenomenon with non-monotone failure rates such as the bathtub shaped and the unimodal failure rates. where () Fx is the CDF of any random variable X. The beta-Weibull distribution by Famoye et al. (2005) and beta-modified Weibull distribution by Silva et al. (2010) are members of this class. Jones (2009) and Cordeiro and de Castro (2011) introduced another family, the Kumaraswamy-generated (Kum-G) distributions using Kumaraswamy PDF instead of beta PDF used in (1.3). Under this family, the Kum-Weibull distribution by Cordeiro et al. (2010) is a generalization of the Weibull distribution.
Both beta-generated and Kumaraswamy-generated families use distributions with support between 0 and 1 as generators. Recently, Alzaatreh et al. (2013a) proposed a general method that allows the use of any continuous PDF as a generator. Alzaatreh et al. (2013a) studied some properties of the family in (1.4). A number of new distributions under this family were developed and studied including: Weibull-Pareto distribution by Alzaatreh et al. (2013b) , gamma-Pareto distribution by Alzaatreh et al. (2012) and gamma-normal distribution by Alzaatreh et al. (2014a) . A large number of distributions can be generated by using (.) W function defined on the CDF () Fx by applying any two existing univariate distributions based on this method. Aljarrah et al. (2014) extended the T-X family by defining (.) W in (1.4) as a quantile function of an existing random variable Y. A unified definition of this family was given in Alzaatreh et al. (2014b) and named as T-R{Y}. Let T, R and Y be random variables with CDF ( ) ( ) 5) and the PDF corresponding to (1.5) is given by
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The remainder of this article is organized as follows. Section 2 defines several new generalizations of Weibull distribution. In section 3, some general properties of the proposed families are studied. Section 4 presents some members of the T-Weibull{Y} family and some of their properties. In section 5, two real data sets are used as applications to illustrate the flexibility of T-Weibull{Y} family. Finally, the article is concluded in section 6.
Some T-Weibull{Y} Families Based on Different Quantile Functions

()
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In this section we define the families of generalized Weibull distribution, T-Weibull{Y}, based on the quantile functions defined in Table 1 . 
This family is generated by using the quantile function of the uniform distribution in Table 1 . In this case, the support of the random variable T is [0, 1] . Given that
, the CDF of this family as defined in (1.5) is given by 1) and the corresponding PDF is
The beta-Weibull distribution (Famoye et al., 2005) and Kumaraswamy-Weibull distribution are members of this family.
b) T-Weibull{exponential}:
This family is generated by using the quantile function of the exponential distribution in Table 1 . In this case, the support of the random variable T is (0, ).
, the CDF of this family as defined in (1.5) is given by
and the corresponding PDF is 
, the CDF of this family as defined in (2.5) is given by 5) and the corresponding PDF is
(2.6) When 1   , the family in (2.6) reduces to
The PDF in (2.7) can be written in terms of hazard and survival functions of Weibull distribution. The odd Weibull distribution (Cooray, 2006) and Weibull-Weibull distribution (Bourguignon et al., 2014) are members of this family by taking the random variable T in (2.7) to be standard log-logistic and Weibull respectively.
This family is generated by using the quantile function of the Fré chet distribution in Table 1 . In this case, the support of the random variable T is (0, )
, the CDF of this family as defined in (1.5) is given by 8) and the corresponding PDF is
This family is generated by using the quantile function of the logistic distribution in Table 1 . In this case, the support of the random variable T is ( , )
, the CDF of this family as defined in (1.5) is given by 10) and the corresponding PDF is
Normal-Weibull distribution (Aljarrah et al., 2014) and Gumbel-Weibull distribution (Al-Aqtash et al., 2014) are members of this family.
f) T-Weibull{extreme value}: This family is generated by using the quantile function of the extreme value distribution in Table 1 . In this case, the support of the random variable T is ( , )
, the CDF of this family as defined in (1.5) is given by 12) and the corresponding PDF is
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The support of any distribution under the families (a) to (f) is (0, )  and the parameter set comes from Weibull distribution and the random variables T and Y. An extension of these families is by using
Fx to obtain the exponentiated T-Weibull{Y} families. Among all families (a) to (f), the family of distributions in (b) appeared to have been studied more widely and has many references in the literature. For more details about this family, one may refer to Pinho et al. (2012) , Zografos and Balakrishnan (2009) and Alzaatreh et al. (2012 Alzaatreh et al. ( , 2013a Alzaatreh et al. ( , 2013b Alzaatreh et al. ( , 2014a .
General Properties of T-Weibull{Y} Families of Distributions
In this section, we present some general properties of the T-Weibull{Y} families of distributions, including transformations, quantile functions, implicit formula for the mode(s), Shannon's entropies, moments and mean deviations.
Transformation and Quantile Function
The relationship between the random variable X of T-Weibull{Y} distribution (where Y represents uniform, exponential, log-logistic, Fré chet, logistic or extreme value) and the generator random variable T is given in the following lemma. ii.
/ ( ) T bk
Xe   belongs to the T-Weibull{extreme value} family in (2.12).
Proof:
The results follow directly from the way we defined the T random variable in (2.1), (2.3), (2.5), (2.8), (2.10) and (2.12).
Lemma 1 gives the relationships between the random variable X and the random variable T. These relationships can be used to generate random samples from X by using T. For example, one can simulate the random variable X which follows the distribution of T-Weibull{uniform} family in (2.2) by first simulating random variable T from the PDF () The following Lemma gives a general formula for the quantile function of the T-Weibull{Y} families.
Lemma 2: The quantile function for the (i) T-Weibull{uniform}, (ii) T-Weibull{exponential}, (iii)
T-Weibull{log-logistic}, (iv) T-Weibull{Fré chet}, (v) T-Weibull{logistic} and (vi)
T-Weibull{extreme value} distributions, are respectively,
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Proof: The results follow directly by solving
X F is the CDF given in (2.1), (2.3), (2.5), (2.8), (2.10) and (2.12). Note that 1 ( ) ( )
Mode(s)
The following theorem presents an implicit formula for the mode(s) of the T-Weibull{Y} families, where
is the survival function of the Weibull distribution.
T-Weibull{logistic} and (vi) T-Weibull{extreme value} distributions, respectively, are the solutions of the equations
Scalar multiple of the mode(s) of ( ), 1,
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Proof: We first show (i) by using the fact that
The derivative with respect to x of (2.2) can be simplified to 
Shannon's Entropy
The entropy of a random variable is a measure of the variation of uncertainty. Shannon's (1948) entropy of the random variable X with density () gx is defined as
Theorem 2: The Shannon's entropies for the Proof: We first show (3.9). By definition,
From (2.1), the random variable (
follows the T-Weibull{uniform} distribution, and this implies that
The result in (3.9) follows from equations (3.15)-(3.17). By applying similar technique we can show the results in (3.10)-(3.14).
Moments
In this subsection, we will use the relationship given in Lemma 1 between the generator random variable T and the random variable X that follows any of the T-Weibull{Y} families to find the non-central moment of the random variable X. For example, let us consider a random variable X that follows the distribution of ( 1) log(1 ) In the following theorem we are able to find general expressions for the non-central moments of all families presented in section 2 except for the two families T-Weibull{logistic} and T-Weibull{log-logistic}. This is because the formula in (3.18) cannot be used to find a general expansion of the non-central moment of the www.ccsenet.org/ijsp
T-Weibull{exponential} family in (2.2). The
International Journal of Statistics and Probability Vol. 4, No. 3; 2015 26 families T-Weibull{logistic} and T-Weibull{log-logistic} due to the convergence condition | | 1 z  . However, one may be able to derive the expression of the non-central moments for specific random variable T without using the formula in (3.18). Further study is needed for these two families.
Theorem 3: The th r non-central moments of the (i) T-Weibull{uniform}, (ii) T-Weibull{Fré chet}, (iii) T-Weibull{exponential}, (iv) T-Weibull{extreme value} distributions, respectively, are given by
(ii) 
(3.24)
Using the series representation in (3.18) for  
where , ji p is given in (3.19). The result of (3.20) follows by using equation (3.25) in equation (3.24). Using a similar technique, we can obtain the result in (3.21). The results in (3.22) and (3.23) can be derived easily using parts b(i) and c(ii) of Lemma 1, respectively.
Mean Deviations
The deviation from the mean or deviation from the median can be used as a measure of spread from the center in a population. 
D for each of (i) T-Weibull{uniform}, (ii) T-Weibull{Fré chet}, (iii)
T-Weibull{exponential}, (iv) T-Weibull{extreme value} distributions, respectively, are given by (3.27) where
www.ccsenet.org/ijsp
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where
In order to find the two integrals in (3.30) and (3.31), let ( ) ( )
. We now prove the results in (3.26) and (3.27) for T-Weibull{uniform} family. By using (2.2), we re-write ()
By using a similar technique shown in (3.25) to write an expansion of . Now the result in (3.26) and (3.27) follow by using (3.34) in (3.30) and (3.31). Applying a similar approach used to obtain the results in (3.26) and (3.27), we can show the results in (3.28) and (3.29). Parts (iii) and (iv) can be derived by using parts b(i) and c(ii) of Lemma 1, respectively.
Examples on T-Weibull{Y} Families of Distributions
In this section, we give an example for each of the T-Weibull{Y} families presented in section 2 for different choices of the random variable T. Since a lot of work has been done on the T-X{exponential} family where many new distributions were developed; no example will be presented when Y is an exponential random variable. In the following five examples, we take the distribution of the random variable T as (a) Weibull-uniform{log-logistic} (WULL) defined by Aljarrah et al. (2014) , (b) Lomax, (c) Exponential, (d) Cauchy and (e) Weibull-logistic (WL) defined by Alzaatreh et al. (2013a) . These five distributions are new generalized Weibull distributions. Many more new generalized Weibull distributions can be derived using different T and Y random variables.
WULL-Weibull{uniform}
If a random variable T follows the Weibull-uniform{log-logistic} (WULL) distribution with PDF Figure 2 show that the LW{LL} distribution can be monotonically decreasing (reversed J-shape), left skewed, right skewed, unimodal or bimodal. 
Exponential-Weibull{Fré chet} Distribution
Applications
In this section we present two applications of Cauchy-Weibull{logistic} distribution using real life data sets. The parameters are estimated by using the maximum likelihood method. The fit is compared with other distributions based on the maximized log-likelihood, the Kolmogorov-Smirnov test (K-S) along with the corresponding p-value and Akaike Information Criterion (AIC). The required numerical evaluations are carried out by using SAS (PROC NLMIXED). In addition, the histograms of the data sets and the PDFs of the fitted distributions are presented for graphical illustration of the goodness of fit.
Remission Times of Bladder Cancer Patients
In this application we consider the data set (given in Table 2 ) on the remission times (in months) of a random sample of 128 bladder cancer patients. The distribution of this data set is unimodal and right skewed (skewness = 3.286 and kurtosis = 18.483). The data set was previously studied by Lemonte and Cordeiro (2013) and Zea et al. (2012) as an application to www.ccsenet.org/ijsp
International Journal of Statistics and Probability Vol. 4, No. 3; 2015 32 extended-Lomax distribution and beta-exponentiated Pareto distribution (BEPD), respectively. Table 3 provides the MLEs (with the corresponding standard errors in parentheses) of the parameters of the distributions. The goodness of fit statistics of BEPD and beta-Pareto distribution (BPD) are obtained from Zea et al. (2012) .
We apply the three-parameter CW{L} distribution in (4.5) and the four-parameter CW{L} distribution in (4.4) to fit the data and the results are reported in Table 3. From Table 3 , both the three-parameter and the four-parameter CW{L} distributions provide an adequate fit to the data based on the p-value of the K-S test. The additional parameter  in the four-parameter CW{L} distribution is significantly different from zero at 5% by using the asymptotic Wald test (p-value = 0.035). Furthermore, the four-parameter CW{L} distribution has the smallest AIC and K-S statistics and the largest log-likelihood value, which indicates that the four-parameter CW{L} seems to be superior to the other distributions in Table 3 . Figure 6 displays the histogram and the fitted density functions for the remission times of bladder cancer patients' data in Table 2 . 
Breaking Stress of Carbon Fibers Data
In this application we consider a data set in Table 4 from Nicholas and Padgett (2006) , on the breaking stress of carbon fibers of 50 mm in length (n = 66). The distribution of this data set is unimodal and slightly left skewed (skewness = -0.131 and kurtosis = 3.223).
www.ccsenet.org/ijsp
International Journal of Statistics and Probability Vol. 4, No. 3; 2015 33 The data set was used by Cordeiro and Lemonte (2011) to illustrate the application of a four-parameter beta-Birnbaum-Saunders distribution (BBSD) and it was compared to the two-parameter Birnbaum-Saunders distribution (BSD) (Birnbaum and Saunders, 1969) . The three-parameter CW{L}, four-parameter CW{L} and flexible Weibull distribution (FWD) (Bebbington et al., 2007) are applied to fit the data. The maximum likelihood estimates (with the corresponding standard errors in parentheses) of the three-parameter CW{L} distribution and FWD parameters, the log-likelihood and the AIC values, the K-S test statistic and the p-value for the K-S statistic are reported in Table 5 . The estimates and goodness of fit statistics for BBSD and BSD are taken from Cordeiro and Lemonte (2011) . In fitting the data, we notice that the goodness of fit statistics between the four-parameter CW{L} and the three-parameter CW{L} are similar. In addition, the parameter  in the four-parameter CW{L} distribution is not significant (asymptotic Wald test p-value = 0.6935) at the 5% level. Therefore, only the three-parameter CW{L} is included in Table 5 . The results in Table 5 indicate that the BBSD, FWD and the three-parameter CW{L} distribution give an adequate fit to the data based on the p-value of the K-S test. However, the three-parameter CW{L} has the www.ccsenet.org/ijsp International Journal of Statistics and Probability Vol. 4, No. 3; 2015 34 smallest K-S and AIC statistics and the largest log-likelihood value among the fitted distributions. Thus, the three-parameter CW{L} seems to be the best for fitting the data compared to the other distributions in Table 5 . Figure 7 displays the histogram and the fitted density functions for the data.
Summary and Conclusion
Following the method of T-R{Y} family by Aljarrah et al. (2014) , we derive a generalization of Weibull distribution. Different families can be developed based on the choice of the quantile function of the random variable Y. In this article six types of generalized Weibull families from the quantile functions of uniform, exponential, log-logistic, Fré chet, logistic and extreme value distributions are proposed. Some of their general and statistical properties are studied.
Five new generalized Weibull distributions in T-Weibull{Y} families are defined, namely, WULL-Weibull{uniform}, the Lomax-Weibull{log-logistic}, the exponential-Weibull{Fré chet}, the Cauchy-Weibull{logistic} and WL-Weibull{extreme value}. These distributions are more flexible than the Weibull distribution and are expected to provide adequate fit to data sets from more complex phenomena. The usefulness of the new families is illustrated by applying one of the members, Cauchy-Weibull{logistic} distribution, to fit two real data sets. The estimation of the model parameters is by the method of maximum likelihood. There are still a lot of works to be done in this area, including deriving more members of T-Weibull{Y} families and investigating some of their properties. It is hoped that this article would motivate and encourage developments of further generalizations of the two-parameter Weibull distribution and their applications to different real world phenomena.
